Based on our recently developed quantum transport theory in term of an exact master equation, the corresponding particle-number resolved (n-resolved) master equation and the related shot noise spectrum formalism covering the full frequency range are constructed. We demonstrate that the noise spectra of transport current through single quantum dot and double quantum dots show characteristic steps and/or peak-dips in different tunneling frequency regimes through tuning the applied bias voltage and/or gate voltage at low temperatures. The peak-dips crossing the tunneling resonant frequencies is a combination effect of non-Markovian and cotunneling processes. These voltage-dependent tunneling resonance characteristics can be utilized to effectively modulate the internal Rabi resonance signature in the noise spectrum.
I. INTRODUCTION
Shot noise of non-equilibrium current fluctuations contains rich information beyond the average current.
1,2
It has stimulated great interest in recent years both in theory and experiment. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] The evaluation of shot noise depends on the development of non-equilibrium quantum transport theory. Conventional approaches to quantum transport include the Landauer-Büttiker scattering matrix theory, 1,14 the non-equilibrium Green's function formalism, 15, 16 and the real-time diagrammatic technique. 17, 18 Many interesting problems such as superand sub-Poissonian noises and their origins have been addressed. 1, 6, 19, 20 However, most of the investigations focused only on the zero-or low-frequency regions. The evaluation of noise spectrum over the full frequency range is largely lacking and remains challenging with these approaches. Another commonly used method in quantum transport is the quantum master equation approach. In a certain sense it is simpler and more straightforward than the approaches mentioned above. 7 It has the advantage of generality for different scattering processes being handled in a unified manner, even the transient dynamics under the time-dependent bias voltage.
21-23
Quantum transport theory based on master equation has been developed rapidly and studied extensively in recent years. [3] [4] [5] [6] [7] [8] 13, [24] [25] [26] However, most of work were based on a certain perturbative master equation description, which is valid mainly in Markovian dynamics dominated regime with sequential tunneling processes involving only one electron tunneling events at a time. [3] [4] [5] [6] [7] [8] 13, 24, 25 Very recently, on the basis of Feynman-Vernon influence functional technique, 27 one of us has obtained an exact master equation for nanostructures, 28 from which we have also established an exact non-equilibrium quantum transport theory for noninteracting electronic systems. 23 This new non-equilibrium quantum transport theory is applicable for arbitrary voltage, arbitrary temperature and arbitrary system-reservoir coupling strength. Quantum transport based on this exact treatment can deal with all the non-Markovian tunneling processes accompanied with not only sequential tunneling but also cotunneling involving two or more electron tunneling events at the same time.
29,30
In this paper, we will construct the corresponding master equation for the reduced density matrix conditioned on the electron number passed through the tunnel junction, i.e. the particle-number resolved (n-resolved) master equation. Together with the MacDonald's formula, we give the description for non-Markovian noise spectrum over the full frequency range. All relevant formulations will be summarized and developed in Sec. II together with the detailed numerical method presented in Appendix. This formalism is certainly applicable to arbitrary bias voltage, temperature and system-reservoir coupling strength for all the non-Markovian processes. In Sec. III, based on the present formulation, we study the quantum transport setup for the shot noise of current through two model systems. The first model is a single one-level quantum dot system, operated in the conventional sequential tunneling regime when only the average current is concerned. From the noise spectrum, however, we find that there emerge peak-dips in the noise spectrum as the temperature decreases. Another example is a coupled double quantum dots system, with one level in each dot. The resulting noise spectrum shows both the coherent Rabi resonance of the dots system and the external field-dependent tunneling characteristic resonant structure. We observe that the coherent Rabi resonance is insensitive to the temperature, while the external fielddependent tunneling resonant structure has the very interesting temperature-dependent phenomena. In partic-ular, the external field-dependent tunneling resonance characteristics is manifested with either a peak-dip or a step at low temperature, depending on the corresponding tunneling regime defined by the applied bias and/or gate voltage. Consequently, by varying the applied voltage one can tune the tunneling resonance on top of the Rabi resonance, thus effectively modulate the coherent signature in noise spectrum. Finally, a summary is presented in Sec. IV.
II. n-RESOLVED MASTER EQUATION AND NOISE SPECTRUM

A. Exact master equation and transient transport current
Let us start with a brief outline of the recently developed exact master equation and the non-equilibrium quantum transport theory. 23, 28 The quantum transport studied with a nano-device consists of such as quantum dots interacting with the electron reservoirs (source and drain). The total Hamiltonian of the system has three parts:
and u(τ ) and v(τ ) are indeed directly related to the Keldysh's non-equilibrium Green functions and they obey the following dissipation-fluctuation integrodifferential (Dyson) equations:
subject to the boundary conditions u(t 0 ) = 1, and v(t 0 ) = 0. The integral kernels in the above equations, g α (τ, τ ′ ) and g α (τ, τ ′ ), are defined by
, which depict all the non-Markovian memory processes of electrons through the tunnelings between the dot system and the leads, and f α (ǫ αk ) = 1/(e βα(ǫ αk −µα) − 1) is the Fermi distribution function of the lead α in the initial equilibrium state. Introducing the spectral density functions of the α-lead coupled with the dot system: Γ α (ω) ≡ {Γ αµν (ω) = 2π k V αkµ V * αkν δ(ω − ǫ αk )}, the memory kernels are reduced to
Through out this work, we have set e = = 1. The transient current of the α-lead is obtained as
withū(τ ) = u † (t − τ ) and ̺(t) being the single particle reduced density matrix, ̺ µν (t) ≡ tr s a † ν a µ ρ(t) , satisfying ̺(t) = v(t) + u(t)̺(t 0 )u † (t). The above current expression can easily recover the Landuer-Büttiker formula obtained by scattering approach and the Keldysh's non-equilibrium Green function formulation, as detailed in Ref. 23 .
B.
n-resolved quantum master equation
Before constructing the n-resolved master equation, we should point out that the master equation of Eq. (2) was derived exactly for noninteracting quantum dot systems so that all the electron tunneling processes in such systems, including sequential tunneling and cotunneling processes together with all the non-Markovian memory effects, are fully taken into account. For noninteracting systems, the cotunneling processes refer to the tunnelings involving two and more electrons through the junctions simultaneously. In the conventional master equation in terms of perturbation expansion, one may expect that the sequential tunneling and cotunneling processes should be described separately by one pair and two or more pairs of electron creation and annihilation operators, respectively, in the non-unitary part of the master equation. However, for noninteracting systems, the master equation derived from the perturbation expansion up to the second order of the tunneling coefficients, i.e. V αkµ in Eq. (1), has indeed the same operator structure as that of the exact master equation of Eq. (2).
28
The only difference between the second-order (2 nd -order) perturbative master equation and the exact master equation is manifested in the determination of the dissipation and fluctuation coefficients in the corresponding master equations. In the exact master equation of Eq. (2), these dissipation and fluctuation coefficients, i.e., γ αµν (t) and γ αµν (t), are determined by the Green functions u(τ ) and v(τ ) which satisfy the exact dissipation-fluctuation integrodifferential equations of Eq. (4). The non-Markovian memory effect and the cotunneling processes described in the exact master equation are fully characterized by the non-local integral kernels in Eq. (4), i.e. the Dyson equations through the iteration to all orders of the tunneling coefficients. Truncating Eq. (4) to the 2 nd -order perturbation of the tunneling coefficients, all these timedependent dissipation and fluctuation coefficients are reduced to the coefficients in the 2 nd -order perturbative master equation that can be derived directly from the quantum Lioulille equation in the perturbation expansion approach. Since the 2 nd -order perturbative master equation can only describe the sequential tunneling and Markovian process, it indicates that the cotunneling processes and non-Markovian effect in noninteracting systems are fully determined by the time-dependent dissipation and fluctuation coefficients from the solution of Eq. (4), rather than the operator structure of the master equation. The operator structure of the 2 nd -order perturbative master equation is exactly the same as that of the exact master equation for noninteracting systems. The detailed derivation of this connection between the exact master equation and the 2 nd -order perturbative master equation has been given in Ref. 28 .
Based on such a connection between the exact master equation and the 2 nd -order perturbative master equation we just discussed above, we can construct the corresponding n-resolved master equation from Eq. (2) for the conditioned reduced density operator ρ (nα) , from the n-resolved 2 nd -order perturbative master equation that has been derived explicitly from the 2 nd -order perturbative master equation.
25 ρ (nα) is conditioned on the registered number n α of electrons having passed through the tunnel junction between the specified α-lead and the central dots system. As it has been shown in Ref. 25 , the resulting n-resolved 2 nd -order perturbative master equation only modifies the corresponding non-unitary operator structure of the 2 nd -order perturbative master equation, namely, it replaces only the registered jump terms a † µ ρa ν and a µ ρa † ν , associating with the specified α-lead in the master equation by a † µ ρ (nα+1) a ν and a µ ρ (nα−1) a † ν , respectively. Other terms remain the same but for ρ (nα) . Since the exact master equation for noninteracting systems has the same operator structure of the 2 nd -order perturbative master equation, by analogy, we obtain the corresponding n-resolved master equation of the exact master equation of Eq. (2):
for keeping track the number of electrons tunneling only through one specific lead, e.g., the α-lead with α ′ = α, and
for conditionally keeping track the number of electrons tunneling through both the right and the left leads. Here we omit the time index in the time-dependent coefficients and have also defined γ µν ≡ α=L,R γ αµν . Both the nresolved master equations of Eq. (7) and Eq. (8) will be used to derive the noise spectrum of an individual lead and the cross-correlation noise spectrum.
The same as the connection between the exact master equation and the 2 nd -order perturbative master equation discussed in the beginning of this subsection, the nresolved master equation, Eq. (7) and Eq. (8), also has the same operator structure as that of the n-resolved 2 nd -order perturbative master equation. 25 The only difference is the dissipation and fluctuation coefficients in these master equations. The dissipation and fluctuation coefficients in the n-resolved 2 nd -order perturbative master equation involve only sequential tunneling process and the Markovian dynamics. 25 However, the time-dependent dissipation and fluctuation coefficients in Eq. (7) and Eq. (8) that are determined by the exact nonequilibirum Green functions of Eq. (4) for noninteracting systems have taken into account simultaneously the sequential tunneling and cotunneling processes, so does for the non-Markovian dynamics. One may ask why the states such as ρ (nα±2) , ρ (nL−1,nR+1) and ρ (nL+1,nR−1) , etc. which are expected to be directly related to the cotunneling processes for the electron registered detector in the perturtive expansion do not occur in Eq. (7) and Eq. (8) . This must be the same reason as in the case of the master equation itself. In terms of the perturbatve expansion, the master equation up to the higher order contains the dissipation and fluctuation terms involving two and more pairs of electron operators sandwiching the reduced density matrix that describe the cotunneling processes. But the exact master equation does not contain such terms. This is because the cotunneling processes has been all switched into the dissipation and fluctuation coefficients determined by the exact Dyson equations. Although we have not provided a rigorous derivation of Eq. (7) and Eq. (8), it should be the same reason that the n-resolved master equation, Eq. (7) and Eq. (8), can maintain the simple operator form because the timedependent dissipation and fluctuation coefficients determined by the exact nonequilibrium Green functions can address all the sequential tunneling and cotunneling processes as the non-Markovian memory dynamics.
As a justification and also a self-consistent check, from the n-resolved master equation of Eq. (7) with the identity ρ(t) = nα ρ (nα) (t), we can easily reproduce the exact master equation of Eq. (2). The exact current expression of Eq. (6) can also be reproduced from the n-resolved master equation of Eq. (7) as follows. With the knowledge of ρ (nα) (t), the tunneling electrons distribution can be readily evaluated via P (n α , t) = Tr S ρ (nα) (t). This is the key quantity for full counting statistics. 24, 31, 32 The m th -moment of transport is just n m α (t) ≡ nα n m α P (n α , t), from which all transport properties can be obtained. For instance, the measured current which is related to the rate of the first moment, is given by I α (t) = − d dt n α (t) . Using the n-resolved master equation of Eq. (7), it is also easy to reproduce the exact expression of the transient transport current of Eq. (6). The capability of recovering the exact master equation of Eq. (2) and the exact transport current formula of Eq. (6) from Eq. (7) ensures that the n-resolved master equations we constructed here is the current one for noninteracting systems. Thus the current-current correlation noise spectrum which is related to the 2 nd -order cumulant can be directly evaluated now from Eq. (7) and Eq. (8), which will be presented in the following.
C. Noise spectrum expression
We consider now the current noise spectrum, S(ω) = F { δI(t)δI(0) s }, i.e., the full Fourier transformation (denoted by F ) of the fluctuating current-current correlation function that is symmetrized. For the total circuit current I(t) = aI L (t)−bI R (t), which is typically the measured quantity in most experiments, 1 with the coefficients satisfying a + b = 1 related to the symmetry of the transport setup (e.g., junction capacitances), the circuit noise spectrum is
The noise spectrum at individual lead α = L or R is given by the MacDonald's formula,
2 . With the help of Eq. (7), the involved quantity n
where̺ = 1 − ̺ is the single hole particle reduced density matrix, while
with M being the generator of Eq. (2) that is recast aṡ ρ = Mρ. The initial conditions to Eqs. (9) and (10) are the stationary states without the electron tunneling, i.e., N α (0) = 0 and ρ(0) = ρ st . We have
where L {f (t)} = ∞ 0 dt e iωt f (t) denotes the Laplace transformation.
The cross correlation noise spectrum is given by 13,33,34
Again, with the help of Eq. (8), we obtain
We thus have completed the expressions of the current noise spectrum, i.e., Eq. (11) and Eq. (12), which are the main results of the present work. They can be further written in the compacted formalism as
It describes both the sequential tunneling and cotunneling processes together with the non-Markovian memory effect involved in the time-dependent dissipation and fluctuation coefficients γ α (t) and γ α (t) that also determine the master equation of Eq. (2) and the n-resolved master equation of Eq. (7). We will evaluate explicitly the noise spectrum using Eq. (13) in the coming section with two widely adopted quantum transport model systems.
Since the time-dependence dissipation and fluctuation coefficients are determined by the functions u(τ ) and v(τ ) which are governed by Eq. (4), the key to understand the cotunneling processes and the non-Markovian effect in the transient transport current and the noise spectrum is to solve exactly the integrodifferential equations of Eq. (4). The detailed numerical method is presented in Appendix based on a parameterization scheme.
As it is shown in Ref. 28 , u(τ ) and v(τ ) accounts for all orders in perturbative expansion. If one solves Eq. (4) up to the second-order of the system-reservoir couplings, the
Usually one believes that in the wideband limit and the high bias voltage regime, the non-Markovian effect vanishes and the Markovian master equation works. However, the non-Markovian memory effect is very complicated, it relates to several factors together, such as the temperature, the bias voltage, the spectral bandwidth, and the system-reservoir coupling strength as details in Ref. 23 and in Appendix. In Ref. 23 , we showed that in the WBL, the large bias voltage indeed weakens the nonMarkovian effect, but does not lead to a complete Markovian limit. At this regime, the non-Markovian effect, which arise completely from the low temperature and/or strong system-reservoir coupling strength, may not be clearly manifested in the transport current itself and the reduced density matrix, 23 but it becomes significant in the noise spectrum of the current-current fluctuation, 4, 13 as shown in the next section.
III. NUMERICAL DEMONSTRATIONS A. Single quantum dot system
For simplicity, we consider in this section the situation of an energy-independent spectral density of the leads, namely, the flat band of Γ α (ω) = Γ α and denote Γ = Γ L + Γ R . We set the symmetric junction capacitances as a = b = 0.5 and also the symmetric bias of µ L = −µ R = eV /2 in the following studies. Let us start with a single one-level dot model system, with H S = εa † a. The average current of this system can be evaluated asĪ = Γ L Γ R dω 2π fL(ω)−fR(ω) (ε−ω) 2 +(Γ/2) 2 . Despite of its simplicity, such a single quantum dot system has many interesting physical phenomena and has been widely used as a single electron transistor. Here we operate the system in the large voltage regime, µ L > ε > µ R , which is also considered as the conventional sequential tunneling regime if the average current is concerned. However, we will see below that in this case a striking non-Markovian character, manifested by a peak-dip, will emerge in the current noise spectrum. Figure 1 shows the current noise spectrums for auto-correlations [ Fig. 1(a) and (b) ], cross-correlation [ Fig. 1(c) ], and circuit current correlation [ Fig. 1(d)] , at different temperatures. In the low or high frequency region, the noise spectrum is nearly independent of temperature, despite of the fact that the stationary current increases as temperature decreases. In the large frequency regime, the noise spectrum at the individual lead S α (ω) → Γ α , while that of cross-lead S LR (ω) → 0. More interestingly we observe that a peak-dip feature is developed in the noise spectrum of current autoand cross-correlations, crossing each resonant frequency ω α = |ε − µ α | (indicated by an arrow in Fig. 1) as the temperature decreasing.
The above observations can be understood as follows. As the zero-frequency noise and also the stationary current are concerned, the transport system studied here with µ L > ε > µ R is dominated by sequential tunneling processes. In the high frequency (ω ≫ |ε − µ α |) region, we have S LR (ω) → 0, due to the electron correlation between different leads is yet to be established. However, S α (ω) → Γ α coming from the fact that the fluctuations arises mainly from the reservoir background. Therefore, we cannot find the system-associated structure in the noise spectrum at both limits. However, the shot noise over the full frequency range describes various tunnelings associated with energy emissions and absorbtions at different detection frequency ω. Therefore it must manifest the energy structure dependence of the dot system through the applied bias voltage and temperature. As one can see from Fig. 1 , the noise spectrum at relative high temperature shows a smooth energy-structure dependence near the resonant frequency ω α = |ε−µ α |. This result is consistent with that of Refs. 4 and 13, in which one used the second-order time-nonlocal master equation which contains very little memory when k B T > Γ and describes only the sequential tunneling process where the Markovian dynamics is dominated. However, nonMarkovian dynamics should play an important role in the noise spectrum at low temperature (k B T ≪ Γ) where cotunneling processes should become significant, especially around the resonant frequency where the electron can dramatically tunnel forth and back between the leads and the dot near the Fermi surface of the leads. The observed peak-dip crossing the resonant frequency in S α (ω) [ Fig. 1(a) and (b) ] and S LR (ω) [ Fig. 1(c) ] is indeed such a non-Markovain result as a combination of sequential tunneling and cotunneling processes at low temperature. In particular, the positive peak-dip feature in the crosscorrelation fluctuations spectrum must come from the cross-lead cotunneling contribution.
The above peak-dips crossing the resonant frequencies in the noise spectrum have not been shown in the previous studies. 4, [6] [7] [8] 12, 13, 24, 36 This is because in Refs. 6-8, the Markovian treatment has been used, while Refs. 4 and 13 considered only the sequential tunneling process at relative high temperature with the 2 nd -order master equation approach which is also Markovian dynamics dominated. Refs. 12 used Büttiker's scattering matrix approach which is exact at zero frequency but contains approximation that covers mainly the Markovian dynamics at finite frequency.
14,37 To make a comparison, we calculate the noise spectrum with 2 nd -order perturbation approximation at low temperature. The result is inserted in Fig. 1(a) and (b) . It shows that the 2 nd -order perturbation noise spectrum shows a dip only but not a peak-dip. As it is well-known the 2 nd -order perturbation approximation is invalid at low temperature. Very recently, using the nonperturbative hierarchical equation of motion treatment, 38 this peak-dip feature in the noise spectrum is also observed. Fig. 1 also clearly shows that with the temperature increasing, the aforementioned non-Markovian effect, i.e. the peak-dips in the noise spectrum, is diminished. We thus conclude that the observed peak-dip feature in the noise spectrum is a non-Markovian memory effect through various tunneling processes, including both the sequential tunneling and cotunneling events.
B. Double quantum dots
Consider now the transient transport through a system of two coupled quantum dots, described by
This system has been studied widely as a charge qubit 7, 10, 28, 36 and has also been proposed as an alternative detector of a charge qubit. 39 The intrinsic coherent Rabi frequency ∆ is the energy difference between eigenstates (ε ± ), e.g., ∆ = ε + − ε − = 2Ω for the degenerate double-dots system considered for demonstrations. It is known 7, 36 that the Rabi coherence of the central system shows a dip at ω = ∆ in the auto-correlation noise spectrum S α (ω), as can be seen in Fig. 2(a) . But, it appears a peak in the cross-correlation noise spectrum S LR (ω), as shown in Fig. 2(b) , while remains a dip in the total circuit noise spectrum, for symmetric junction capacitances, as depicted in Fig. 2(c) . The above Rabi coherence signatures are nearly independent of the temperature. Physically, the Rabi coherence is intrinsic. Therefore, it can be extracted even in the weak system-reservoir coupling regime, where the 2 nd -order master equation is applicable. 7, 36 Besides the coherent signals of Rabi frequency in Fig. 2(a)-(c) where µ L > ε ± > µ R , the expected peak-dips of non-Markovian characteristics occur at tunneling resonance of ω ± = |ε ± − µ α | at low temperature. As temperature increases, this peak-dip feature is diminished, just the same as that in the single quantum dot case described earlier. 
Frequency-dependent noise spectrum of the left lead for the double-dots transport system with different tunneling regimes through gate voltage VG, i.e., ε l = εr = VG, at low temperature kBT = 0.1 Γ with the applied bias voltage eV = 5Γ. The other parameters are the same as in Fig. 2 .
at low temperature, especially at tunneling resonance, as an expected non-Markovian effect. In particular, at V = 30 Γ, both the two dot levels lie within the applied bias window, i.e., µ L > ε ± > µ R . The resulting peakdip tunneling resonance shows up clearly in Fig. 2(d)-(f) . The behavior of S(ω = ∆) around V = 10 Γ is an interplay between the Rabi resonance and the lead-dot tunneling resonance. The frequency-dependent noise spectra demonstrated in Fig. 1 and Fig. 2(a)-(c) are operated in the so-called large bias region of µ L > ε, ε ± > µ R , where the tunneling resonance shows the peak-dip feature at low temperature, as a combination effect of the sequential tunneling and cotunneling events. Since the Rabi resonance spectral profile does not depend on the applied gate voltage for its overall intensity, we shall also examine the tunneling resonance behavior for different set up of the applied gate voltage to the dot energy levels. Without loss the generality, we take a fixed bias voltage, say V = 5 Γ, and apply several different gate voltages to the dot levels to achieve different tunneling scenarios. The results are summarized in Fig. 3. Fig. 3(a) and (c) describe the case of both the two dot levels lying outside the bias voltage window. The corresponding tunneling resonance shows only with a step shape. In contrast, if one of the dot levels, i.e., the level ε − and ε + in Fig. 3(b) and (d), respectively, lies inside the the bias voltage window, the corresponding tunneling resonance spectrum generates a peak-dip. As it has been understand, for the dot level lying outside the bias voltage window (i.e. either ε > µ L,R or ε < µ L,R ), the sequential tunneling through this level is largely suppressed and the transport is dominated by cotunneling events. So the cotunneling transport alone only shows a step near the resonance frequency. The peak-dip occurs only for µ L > ε > µ R at low temperature, where both the sequential tunneling and cotunneling participate in the non-Markovian dynamics.
IV. SUMMARY
In summary, based on the exact master equation for nonequilibrium transport, we constructed the corresponding particle-number resolved master equation, from which we have also established the formalism for the noise spectrum in the full frequency range. This new formulism is applicable to arbitrary bias voltage, temperature and system-reservoir coupling strength for all the non-Markovian processes in various nanoelectronic systems where the electron-electron interaction has been ignored. We applied this formalism to two widely studied transport model systems, i.e, electron transport through single quantum dot with a resonant level and double coupled quantum dots containing one energy level in each dot contacted the electron reservoirs, respectively. We showed different tunneling characteristics in the noise spectrum in both the large and small bias voltage regime at different temperature. In particular, we found peakdips in the noise spectrum crossing the tunneling resonant frequencies which are defined individually by the energy difference between the applied chemical potentials and the dots energy levels. This peak-dip feature has not been observed in previous theoretical works. The characteristic peak-dip in the current noise spectra is a non-Markovian effect at low temperature involving both sequential tunneling and cotunneling. As the temperature increasing ((k B T > Γ), peak-dip profile in the noise spectrum is diminished. In contrast with the aforementioned external bias voltage regulated resonant characteristics, the internal coherent Rabi oscillation signal in the double dot system is rather independent of temperature. The coherent Rabi oscillation results in just a normal dip profile in the auto-correlation noise spectrum but a peak in the cross-correlation spectrum. We expect that these characteristics in the current noise spectra we found here would be tested in experiments or in other theoretical calculations.
We should also point out that the characteristic structure showing peak-dips in the noise spectrum may be changed after the electron-electron interaction is taken into account. More interesting phenomena in the noise spectrum should be expected in the interacting systems at low temperature. A closed formulation for the exact master equation of the reduced density matrix and the exact calculation of noise spectrum with the consideration of Coulomb interaction is not obvious. However, the present formalism is easy to be extended for including the Coulomb interaction with respect to the saddle point approximation 40 or loop expansion, 41 where the Coulomb interaction can be treated self-consistently in generalizing integrodifferential equations of motion Eq. (4), or by means of Hierarchical equation of motion approach.
22
The work along this line is in progress.
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Appendix: Numerical method
As mentioned in Sec. II C, the key to the practical calculation of the noise spectrum as well as the reduced density matrix Eq. (2) and current in Eq. (6) in the present formulism relies on how to solve the integrodifferential equations of Eq. (4), which contain all the non-Markovian memory effects of the central system interacting with its environment. In general, it is not possible to analytically solve Eq. (4) but the numerical solution of such integrodifferential equation is also very difficult due to the non-Markovian memory kernels. Here, in terms of a parameterized scheme, 22, 42 we develop a numerical method in terms of a closed set of coupled differential equations of motion for solving u(t) and v(t) to overcome the difficulties in the direct numerical calculation of the integrodifferential equations.
For the sake of generality, we start with the energy dependence spectral density as a Lorentzian-type form centered at ǫ α :
22,28,43
where Γ α describes the coupling strength and W α is the line width of the source (drain) reservoir with α = L(R).
Obviously the wide band limit (flat band), Γ α (ω) = Γ α , is achieved by simply letting W α → ∞. In terms of Eq. (5), the non-local time correlation functions can be parameterized as 22, 23 
with g αm (t − τ ) ≡ η αm e −γαm(t−τ ) . The first term in g α (t − τ ) with m = 0 arises from the pole of the spectral density function, with
The other terms with m > 0 (M → ∞ in principle) arise from the Matsubara poles, where the relevant parameters are explicitly given as
The above paramterization is based on the Matsubara frequencies decomposition of Fermi distribution. An alternative efficient parameter scheme proposed in Ref.
44
is Padé spectrum decomposition for its convergence significantly faster than other schemes at all temperatures. The resulting formalisms of Eq. (15) are unchanged, but the coefficients for m > 0 in g(t, τ ) are modified accordingly. 44 Here, following the procedure in Refs. 22,45 with the above parameterized scheme, we will present a numerical method in terms of a closed set of coupled differential equations of motion, instead of the integrodifferential equation of Eq. (4a), to solve the timedependent transport current and the noise spectrum.
Introducing a new function g
dτ g α (t, τ )u(τ ) which satisfies the following equatioṅ
In other words, the integrodifferential equation of Eq. (4a) is transformed into a coupled pure differential equations of Eq. (18) and Eq. (19) , from which it is rather easy to obtain the time-dependent solution of u(t) and g u α (t). On the other hand, the formal solution of Eq. (4b) is
from which we have v(t) ≡ v(t, t) = 
with I α (t) = K α (t) + Q α (t), where
dτ g α (t, τ )u † (τ, t) = The second identity in Eq. (23b) is based on the parameterization scheme of g α (t, τ ) given by Eq. (15b), which leads to
Furthermore, by introducing new functions
we can find the following coupled differential equations:
Solving numerically the coupled pure differential equation of Eq. (26) together with Eq. (22), we thus have the solution of v(t) and I α (t) without directly calculating the multi-integrals in Eq. (20) . Consequently, all the time-dependent coefficients in the transient current of Eq. (6), the master equation of Eq. (2) and the n-resolved master equation of Eq. (7), as well as the frequencydependent noise spectrum of Eq. (13) can be easily obtained through the relations κ α (t) = g u α (t)[u(t)] −1 and λ α (t) = I α (t) − κ α (t)v(t). This numerical method largely simplifies the numerical difficulties in solving the integrodifferential equations of Eq. (4) which involve very complicated non-Markovian memory kernels.
In the wideband limit W α → ∞, the numerical calculation can be largely simplified. Explicitly, the temperature-independent memory kernel of Eq. (15a) is reduced to a delta function given by g(t, τ ) = Γα 2 δ(t − τ ). For the temperature-dependent memory kernel in Eq. (15b), the first term (m = 0) is also reduced to a delta function but the other terms (m ≥ 1) are apparently changed not too much:
e −γαm(t−τ ) .
Thus the non-Markovian effect in the wideband limit is determined by the temperature together with the bias voltage and the system-reservoir coupling. If we take further a high temperature limit β α → 0, the summation term in Eq. (27) will also be reduced to a delta function of t − τ . Then no any memory effect remains, and a true Markov limit is reached at high temperature limit. In the practical numerical calculation, we keep the temperature-dependent memory kernel with the expression of Eq. (15b) and the WBL is taken by setting W α ≥ 100Γ. 23, 46 The equations of the m-related quantities, such as v(t), Q αm (t), and C αα ′ m (t) given by Eq. (22), Eq. (26b) and Eq. (26c), respectively, are thus not changed. The other equations can be simplified as follows. The equation of Eq. (19) is recast tȯ u(t) = −iǫ(t)u(t) − Γ 2 u(t),
and Eq. (18) is not needed. Also, we can simply solve Eq. (23a) and Eq. (25b) with the results K α = Γ α v(t)/2 and D αα ′ (t) = Γ α v(t)Γ α ′ /4 but Eq. (26a) and Eq. (26d) are also no longer used.
